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Introduction

» Black Holes are a very interesting solution of General Relativity.
Different solutions as Schwarzschild, Reissner-Nordstrum, Kerr-Newman, BTZ,
etc. Also we have BH evaporation. “"Hawking radiation”
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etc. Also we have BH evaporation. “"Hawking radiation”

» Cosmic censorship. Minimal Mass and Charge for viable Reissner-Nordstrom
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Introduction

» Black Holes are a very interesting solution of General Relativity.
Different solutions as Schwarzschild, Reissner-Nordstrum, Kerr-Newman, BTZ,
etc. Also we have BH evaporation. “"Hawking radiation”

» Cosmic censorship. Minimal Mass and Charge for viable Reissner-Nordstrom
BH. Penrose, 1969 € 1973

» Asymptotic Safety. Weinberg's idea of a way to incorporate
Quantum Mechanics in GR studying the existence of a nGFP of the effective
theory. Weinberg, 1996. arXiv: 9702027

= Two options for improving GR. At the level of effective action and improving
the solutions (this work).
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Classical RN Black Holes

Some considerations about classical RN BH

n Metric : ,
ds® = — fu(r)dt? + + r2dO? |
( ) fcl(r)
where 2GoMy  GoQ?% 1
fcl(T):l— 0 O—|— OQ2O——A07“2 .
r QT 3
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Classical RN Black Holes

Some considerations about classical RN BH

s Metric :
ds® = — fo(r)dt® + o + r2dQ?
fcl(r) ’
where oM a0 1
fcl(T):l— 0 O—|— OQQO——AQTQ .
r QT 3

s Kretschmann scalar:

RkvPo —

R,po =
HYP r6 0437“8 T’

48GEME N 56GEQy 996G MoQp N 8

3

AG

C. Gonzalez Diaz. PUC XI SILAFAE 2016

17-Nov-2016



s Possible Horizons:

1,2
3,4
where
B 1
P = 9A,
R, =
Re =

2
OZO_

Classical RN Black Holes
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Classical RN Black Holes

» Critical Mass: RiZ— Ry >0
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Classical RN Black Holes
» Critical Mass: RiZ— Ry >0

= 81GpapAoMy — (9Goag + 108GEQ505 M) M
+24Go Qg + 16GFQRIAG + 9Q%ag = 0,
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Classical RN Black Holes

» Critical Mass: RiZ2—Ry>>0
= 81GPagAoMy — (9Goag 4+ 108G2Q2a2Ag) M2
+24GoQta0Ao + 16G2QEA2 + 9Q2a2 = 0,
This leads to
1 6GoQ2 1 1GoQ2No\ %
M, = 1—(1-— 3
! BGO\ (870) + 2A0 870 ( )
1 6GoQ2 1 1GoQ2A\*?
My = 1 1 — , 9
2 3G0\ 870 + 2A0 + (870) ( )
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Classical RN Black Holes
» AdS BH (A < 0): One critical mass, M, and two horizons, rq 5.

» dS BH (Ap > 0): Two critical masses and three horizons, 71 2 4.

F'ads I'4s
100 100|
10} 10}
1| 11
o <) M1 50100 5OOM %1 5 M1 50 M2 5OOM

(c) (d)

Parameters chosen Gog = 1,Qg = 1, a9 = 1/137,A¢g = +1072, then My ~ 11,7, Mo =~ 105,6.
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Classical RN Black Holes

s Cosmological horizon:

1/2
3 4GoQ3 A
=/ — |1 1 — _
T oA, —I—\/ + 3 T4 M=0

and in the limit Qg — 0, one obtain

e =y~
c AO

= dS-Schwarszchild cosmological horizon!
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Classical RN Black Holes

e Cosmic Censorship:

Equation ([8]) is the condition for “dressed”singularities. In the limit Ag — 0 we
have

10°}
104.
1000|
100|

10}

1 10 100 1000 <

In the Q¢ — 0 limit, M is the the Nariai BH M.y = 1/3Gov/Ao.
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Renormalization Group Flows in Quantum Einstein Gravity
Coupled to QED

The effective action used is Daum, Harst € Reuter, 2010. Harst € Reuter, 2011.

Fk _ Firav—FF,;QED”
1 1
= a* _ oA — — | &4 F, FH 10
o [ dova-Ry2m) - o [ dtaaEL P (10

where the three coupling constants are, the Newton coupling GG, the cosmological
coupling Ag, and the electromagnetic coupling ;. (in terms of the fine structure
“constant”)
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Renormalization Group Flows in Quantum Einstein Gravity
Coupled to QED

The scale dependence of those couplings is indicated by the subindex k& which
has energy dimension one. The dimensionless couplings are obtained from the
dimensionfull couplings by multiplying with the corresponding power of £

g = Grk*, A=Ak, ap=ap . (11)

The evolution of the dimensionless couplings ({11|) is governed by the renormalization
group equations.

kOkgr = Bg(grs A\k) s KkOkMi = Ba(gk, \k) ,  kOkak = Balgr, ar) . (12)
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Renormalization Group Flows in Quantum Einstein Gravity
Coupled to QED

The beta functions are given by

1 -

Br(g.N) = (ny —2)A+ 5—g [L05(—2)) — 883(0) —583(0) |, (13)

6
fulge) = (Abata) - Zol(0g ) (15)

and the anomalous dimension of the gravitation coupling is
gB1(N)
\) =
nN(g7 ) 1_ng(>\) ’
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Renormalization Group Flows in Quantum Einstein Gravity
Coupled to QED

The B; are functions of the adimensional constant A and are given by

siw 5®1(—2)) — 18®5(—2)) — 491(0) — 605(0)]

1 r - 3
- [5@%(—%) —18B2(—2))

o

sy
—_
=
]

Sy
\V}
=

]

and finally, the functions ®; have been calculated in the “optimised cutoff’scheme
D. Litim, 2001 & 2004

o) = i = a9
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Renormalization Group Flows in Quantum Einstein Gravity

The RG equations (

Coupled to QED

12

) can be solved numerically. One observes, the existence of a

non trivial fixed point at which 8, =0, 8x =0 and 8, = 0.

9. =0,707, X\, =0,193, a, = 6,365 (17)

The dimensionfull coupling constants can be approximated at the vicinity of this

fixed point

lim Gj = gk~ %, lim Ap = M\KE* lim ap =, . (18)
k— o0 k— o0

k— 00
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Renormalization Group Flows in Quantum Einstein Gravity
Coupled to QED
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Renormalization Group Flows in Quantum Einstein Gravity
Coupled to QED

It is sometimes convenient to work with analytic approximations of the renomaliza-
tion group flow

Gok?
g(k) = : (19)
1+ S0(k2 — k3)
Go.2
Ao 2\ g 1+ 72kg
AMEk) = 20, (1-20 1 g+ ) 20
(k) 5+ ( k2>+G0k2 0g L} Gup (20)
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Renormalization Group Flows in Quantum Einstein Gravity
Coupled to QED

3Pgx
_ G 1 . 3Py, .
k) = [1 +9—0(k2 - k%)] [Oéo « éok2 2 <1717 bt 7Tg 1= Gik2>]
Jx Go,, 9 2 3Py, Gok(Q) — Jx
1+ — (k" —k Fi11,1,1 : : 21
bt e S0 | o (110 22 OR0)

those approximated functions have the advantage that they have a well defined
infra-red limit &k — kg

g(k) — Goki, Mk) — Ag/ks, alk) — ag
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Scale Setting for Classical Backgrounds

In the renormalization program, the coupling constants in action are promoted to
scale dependent quantities

G — Gk, A — Ak and o — oy. (22)

Now, the important part of this procedure is to relate the scale £ with physical
quantities. Our choice is to relate the energy scale with distance by

ko 1/d.
We can re-obtain the usual running coupling of QED
a (k) =—Aln(k) +c,

where ¢ = — Ay (3®g. /), v is the Euler constant, and v is the Digamma function
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Scale Setting for Classical Backgrounds

For our system the relation of scale and distance is of the form

§

k<r7 aOaQOaG()aMOaAO) — k(?“) d(P(?“) Qg QO GO MO AO) )

(23)

where the parameter £ controls the scale dependence, and d(r) it is the proper
radial distance up to a point P in a radial curve C,

A(P(r)) = / el (24)
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Scale Setting for Classical Backgrounds

For our system the relation of scale and distance is of the form

§

k‘</r7 aOaQOaG()aMOaAO) — k(?“) d(P(?“) Qg QO GO MO AO) )

(25)

where the parameter £ controls the scale dependence, and d(r) it is the proper
radial distance up to a point P in a radial curve C,

A(P(r)) = / el (26)

For the black hole metric ([2)), this length scale reads

d(r) = /0 \Cj:;rn - /o \/|1 26, 602} . (27)
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Scale Setting for Classical Backgrounds

Kaas(r)/ & kas(r)/ &
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Dependence of the scale k(r) /& according to forGo =1,Qp=1,a9 = 1/137,A¢g = +107°.
AdS line element with masses My={5, 11.7, 50, 105.6} (blue, yellow, green, and red).
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Scale Setting for Classical Backgrounds

We can compute an analytical solution for the pure Reissner-Nordstrom proper
distance, setting Ag = 0 in ({2)),

dRN(’I“) = T\ fRN(’I“) + GOM log ’7“ fRN(T) +7r — G0M|

Q GO<1—M\/&0G0>|—Q o ,  (28)

—|—GQM log
oy Qo QQ

with frn(7) = fei(7)|a,=0. This solution only applies for masses different from the
critical mass .
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RG-Improved Black Hole Solutions in the UV

An analytical expression for k(r) not be obtained, unless for very extreme
regimes, such as very small radial coordinates, where one might dare to make an

expansion in r
d(r) >~ -,/ r“ |1+ - r+ O(r . 29

The cosmological constant Ay does not appear in this expansion until order 9.

With this expression for d(r), at first order in r, one can get an analytic result for
k(r) given by
Go _
k(r) ~ 2Qo/ 3 23 (30)
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RG-Improved Black Hole Solutions in the UV

Taking the UV limit, K — oo, one must use (|18]) in

2g(k) Mo g(k ) 1 2.2
=1- — =A(k)k 31
fk:(r) L2y + ()z(k)k2?“2 3 ( ) r ) ( )
obtaining ,
QQ*M() g*Q 1
fu(r)=1— 2 T k2£2 — g()\*kZ)er (32)
Using the analytic expression for k(r), one gets
*M * 4 )\* 2Q)3
fr) =1 @g«Mo 5 Q0G« o GoA§°Qg | (33)
2G0€2Q0 404*G0€2 30&0?“2
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RG-Improved Black Hole Solutions in the UV

With this new function, in order to get an analytic expression for £, one can
calculate a new d(r), given by

dy(r) =~ v3 1 a0 r?
’ B 4 QO£ GO)\* .

(34)

Comparing the first order improvement (29) and the second order improvement
(34)), one finds that both length scales agree, indicating a (UV) convergence of the
improvements if one chooses

(35)

This UV-stable choice is similar to the choice which was in previous studies called
“self consistent” . Koch & Saueressig, 2014.
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RG-Improved Black Hole Solutions in the UV

and now we have the “self-consistent” improved function

20009x: M Mor>  apguAa? GoQ3
SG()Q% 3a,Go agr?

fese(r) =1~ (36)

One can compute the square of the Riemman-tensor of the UV RG-Improved
solution ([36]), obtaining

8adge\2  304aigiN2MEr?

R*S¢ RHVPO

puvpo*lx,sc — SOézG% QG(Z)Qg
1600592 \iMor | 64g.M. Mo N 56G2Q4 (37)
9o, GEQE 373 adr®

where one can see that the spatial singularity at the origin r = 0 remains.
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Improved Black Hole Solution in the IR and Global Behavior:
Improved line element

In this improvement scheme one promotes the scale independent couplings, that
are present in the classical solution, to the scale dependent quantities known from

the RG flow ({13])-(|15))

29(k)Moy ~ g(k)QF 1

“MNEK*r? . 38
k2r +a(k)k2r2 3 (k)&= (38)

fk(’l“) =1—

The arbitrary scale k becomes a physically relevant quantity due to the scale setting
(25)) shown in figure . With this scale setting one obtains the RG-improved metric
function f(r) shown in figure .
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Improved Black Hole Solution in the IR and Global Behavior:

Improved line element
A g0
100 AL
5.
0
-5}
40
-15}

(i) ()

Improved metric function for the self-consistent value £s- and with mass values My={12, 24, 36, 48} (blue,
yellow, green, red), and Gg = 1,Q¢ = 1,9 = 1/137,Ag = +107°, kg = 0,01. The dashed lines are the

classical metric function for each case, plotted for comparison.
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Improved Black Hole Solution in the IR and Global Behavior:
Improved line element

Improved metric function for the pure Reissner-Nordstrum solution, with the same parameters and color codings

of previous plots
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Improved Black Hole Solution in the IR and Global Behavior:
Improved line element

)
a3
2.
1
!II X .-.\N'“- — ————
0 5 / ( 0 15 20
_1l |

Improved f(r) for AdS case, setting the mass parameter Mg = 12 and Gog = 1,Qo = 1,a9 = 1/137, kg =
0,01. We use different £ values, £ = {0,5, 1,5, 2,5, 4, 11} (blue, yellow, green, red, purple) and the dashed line

correspond to the classical solution for comparison with the same parameters.
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Alternative improvement schemes

In the case of improved black hole solution an alternative choice for the renormali-
zation scale k would be for example in terms of the proper time. The length scale
associated is

)= = e ([ o) (39)

One can compute this scale numerically and compare it with the corresponding pro-
per distance, numerical or analytical (28). This is done for the Reissner Nordstrom
case

T 2 M 2 2 M 2\ —1/2
TrN(T) = / dr’ ( Gold _ Gh@_ 2C0 T Goly ) : (40)
0

r! apr’? r QT2
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Alternative improvement schemes

Krn(r) TRn(r)

10} 5 \

A

1t i 4|
0.1} \ 3!
10~ \ o|
1079 S 1| |
10— 10 100 %10 507100 ’
(x) ()

Left: Comparison of the proper time (blue) and numerical distance (orange) and analytical distance (green) scale
settings, using Gg = 1,Qo = 1, a9 = 1/137 and a mass value M ~ Mcm‘t|A0:0-

Right: f(r) improved functions for the two scales settings. We use the same values for the constants and £c.
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Alternative improvement schemes

It is interesting to compare the behavior of the metric functions obtained from
the improving solutions approach f;,rn(7) and the metric function that solves
exactly the simplified version of the gap equations f(r). Koch & Rioseco, 2015.

One finds that both quantum improved descriptions have a well defined classical
limit

gll_I)I(l)fimpRN(r) — fRN(T)7 (41)
lim f(r) = fru(r).

A comparison of both functions is shown in next figure for

o rte?ag + der3ag + 4(1 — GoMoe)r?ag — 8rGoMoag + 4G0Q(2)

f(r) Ar2(er + 1)%aq (42)
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Alternative improvement schemes
F(r)

1 |50 _~ 50100

Comparison of f(r) (dashed), fimprN (7) (line) and frn(7) (point) for the Reissner-Nordstom black hole, using
£se,€=10,01,Go=1,Q0 =1, a0 = 1/137, kg = 0,01 and M = 15
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Modified horizon structure and cosmic censorship

r
d Oémp

0 %

10 20 50 100 M

Improved dS Horizons. Orange and blue lines corresponds to external and internal horizons, respectively. Also we have
purple lines, corresponding to internal horizons for £ = £./3. The dotted line is for the classical horizon. The values

used are Gg = 1,Qo9 = 1, a9 = 1/137, kg = 0,01, and &sc. For AdS black holes we have the same behavior.
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Classical and improved temperature

For describing the evaporation process for the classical BH one uses the relation

1
T = f'()l=r, - (43)
T (M)
0.0025
0.0015
0.0005
M. 700 500 M
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Classical and improved temperature
T(M)

1 M; 100 QOOM

Improved temperature as function of the mass parameter, evaluated for AdS (blue), dS (red) and Ag = 0 (green)

cases. Also, in full lines we have the classical temperature in r9. The values chosen are Gg = 1,Qop = 1, a9 =
1/137, kg = 0,01.
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Modified mass and charge

It is instructive to study how one would interpret the improved black hole solution
is one would not be aware of a possible scale dependence of the couplings.

In this case one would perform experiments at some radial scale r and assu-
ming constant couplings Gy, Ag, and «y.

The result of such an experiment (say the study of sections of geodesics) would
then be fitted by the “charges” of the black hole.

For astrophysical distances, those charges would be basically the mass M = M (r)
and the electrical charge Q?* = Q?*(r), whereas the cosmological term with its
corresponding ‘“charge” L = L(r) is largely irrelevant at a range of smaller radii.
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Modified mass and charge

Taking equation ([38]) and redefining terms in sense of fitting the metric function
2GoM(r)  GoQ*(r) 1 5
=1-— — ZAoL 44
fk</r> r + 0407“2 3 0 (’I“)’I“ 3 ( )
with ()
g
M(r)= = 45
=g (45)
and 0’ )
_ wWo% 9
= 46
A =G ) (40)
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Modified mass and charge

M(r) Q(r)
60 | o~
50
8
40
6
30
4
20
10 2
5 i 0 e . 2
1 10 100 " 01 1 10 100500
(m) (n)

Mass and charge as variables dependent of r for AdS case. Left: The curves are for mass values
Mgy = {12, 38, 58} and fixed charge Qg = 1. Right: Different charge values Qg = {1, 5, 10} with mass values
Mgy = {20, 100, 250}, respectively. The other parameters £5¢, Gog = 1, ag = 1/137, kg = 0,01. The dS case

is basically identical since differences only would occur at extremely large radii.
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Summary

» We studied some classical aspects of the charged BH solution with A # 0.
s Effects of the FRGE are applied and we analyzed how that solution changed.

= The scale dependence modified structural properties of the classical solution
such as horizons.

= We found a zero order transition in temperature for the (A)dS charged BH at
the critical mass M;.

= |t is important to note that the improved solution agrees with Penrose's cosmic
censorship hypothesis, for any election of parameters.
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